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The optical properties of zigzag carbon nanotubes in magnetic fields are analyzed. Using a tight-binding
model with nearest-neighbor interactions, general expressions are computed for the diagonal and off-diagonal
elements of the frequency dependent susceptibility in the presence of an axial magnetic field. The off-diagonal
elements are applied to calculate the interband Faraday rotation and the Verdet constant. We predict that these
effects should be clearly detectable under realistic conditions using weak magnetic fields.
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I. INTRODUCTION

Since 1991, the optical properties of carbon nanotubes
�CNs� have been studied extensively both experimentally
and theoretically.1–9 Along with optical properties, magneto-
optical phenomena, being a source of information about
the electronic structure of CNs, have been investigated
considerably.10–16 The rotation of the polarization of a plane-
polarized electromagnetic wave passing through a substance
under the influence of a static magnetic field along the direc-
tion of propagation is known as the Faraday rotation. Ever
since it was first observed, the Faraday effect for solids, liq-
uids, and gases has been the subject of many theoretical and
experimental investigations.17–23 The goal of this paper is
to study the Faraday effect in single-walled zigzag CNs
threaded by a parallel magnetic field. To the best of our
knowledge, this is the first investigation of this effect in CNs.
Neither theoretical nor experimental work has been made
until now. For a weak magnetic field B and a nonoptically
active solid, one can treat the Faraday effect as a first-order
effect in B. We shall therefore concentrate on the low mag-
netic field limit to expand the off-diagonal elements of the
susceptibility tensor to first order in the magnetic field and
calculate the Faraday rotation as a first-order effect in B. Our
findings clearly demonstrate that while the diagonal response
is quite insensitive to even huge magnetic fields, rather mod-
est fields �on the order of 1 T� lead to detectable changes in
the off-diagonal response. In particular, we compute the Ver-
det constant of CNs in aqueous dispersions and show that
under realistic conditions the CN signature should be clearly
detectable above the background. The applied tight-binding
method for studying the Faraday effect in zigzag CNs does
not include exciton effects.

This paper is organized as follows. In Sec. II, we present
a general reduced form of the Hamiltonian for zigzag CNs in
the presence of an external magnetic field and analyze the
corresponding eigenvalues and eigenvectors. In Sec. III, we
obtain diagonal and off-diagonal elements of the optical sus-
ceptibility tensor in the presence of a magnetic field. Ex-
panding the off-diagonal elements to first order in the mag-

netic field we obtain the Faraday rotation and the Verdet
constant for zigzag CNs in Sec. IV. Finally, a summary is
given in Sec. V.

II. TIGHT-BINDING FRAMEWORK

First of all, we study the electronic structure of the zigzag
CNs denoted by �n ,0� in the usual �n ,m� notation in the
presence of an external magnetic field. At relatively low pho-
ton energies the optical response of CNs, treated as a
rolled-up graphene sheet, is mainly due to the � electrons.
This feature has been used to provide analytic expressions
for the zero-magnetic-field susceptibility based on the tight-
binding band structure of zigzag CNs in Ref. 24 �hereafter
referred to as I� and the dielectric constant of graphite.25 In
addition, numerical calculations have been made by one of
us26 to calculate the Faraday rotation in graphite. We use this
procedure and the one used in Ref. 27 as our starting point.
Considering only nearest-neighbor interactions, the elements
of the Hamiltonian matrix in the presence of an axial exter-
nal magnetic field are given by

H��
�B��k� = �

t

exp�− i����t��H���k� , �1�

where H���k� are the Hamiltonian matrix elements for zero
magnetic field given for the tth unit cell �the expression
inside the sum in Eq. �3� of I�, and where11

����t� =
e

�
�

0

1

�R� �0 − R� �t� · A� �R� �t + ��R� �0 − R� �t��d� . �2�

Here, e�0 is the elementary charge, R� �t�R� �0� is the position
vector of � ��� carbon atoms in the tth �zeroth� unit cell, and

A� is the vector potential associated with the magnetic field.

The magnetic field B� =Bẑ is along the nanotube axis and the

symmetric gauge A� �r��=B /2�−y ,x ,0� is applied. Using the
phase coefficient between chains as in I, the Hamiltonian

matrix HJ in the presence of the magnetic field reduces to a
4	4 matrix given by
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HJ = 
0�
0 e−iq 0 ei�q/2��e−i� + ei�−i2��/n�

eiq 0 e−i�q/2��e−i� + ei�−i2��/n� 0

0 ei�q/2��ei� + e−i�+i2��/n� 0 e−iq

e−i�q/2��ei� + e−i�+i2��/n� 0 eiq 0
� , �3�

where 
0=2.89 eV28 is the nearest-neighbor transfer integral,
q=ka /	3, where a=2.46 Å27 is the lattice constant of
graphene, and �= �eBR2 /2��sin�� /n�
eBna2 /8�� is the
phase factor associated with the magnetic field for nearest-
neighbor atoms, where R=na /2� is the radius of a zigzag
CN. To avoid repeated terms, we use the definitions �̃=�
−n� /� and �̃c,v=�c,v−n� /�, which are applied in all the
following expressions. The Hamiltonian matrix, Eq. �3�, has
four eigenvalues: Ecl

�B��q�=−Evl

�B��q�=El
�B��q� �l=1,2�, where

El
�B��q�

= 
0
	3 + 2 cos�2�̃�/n� + �− 1�l4 cos��̃�/n�cos�3q/2� .

�4�

This result has previously been obtained by others.12,27,29 The
obtained eigenvalues demonstrate a metal-semiconductor
transition depending on the magnitude of the field.29 Increas-
ing the magnitude of the field leads to an increased band gap
in the metallic case and a reduced band gap for semiconduc-
tors. Using Ecl

�B��q� and Evl

�B��q� to solve the eigenvector prob-
lem, the corresponding normalized eigenvectors are given by
Eq. �6� in I, where

al =
e−i�eiq/2El

�B��q�/
0

ei/2�2�̃�/n+3q� + �− 1�l�1 + ei2�̃�/n�
. �5�

Including the overlap matrix, the energy dispersion relation
for the above Hamiltonian matrix is given by26

Ecl,vl
�q� =

Ecl,vl

�B� �q� + �2p

1 − Ecl,vl

�B� �q�s0/
0

, l = 1,2, �6�

where �2p=−5 eV is the on-site energy, s0=0.1 is the
nearest-neighbor overlap integral,26 and the eigenvectors are
the same as those of the Hamiltonian matrix without consid-
ering overlap.

It is of some interest to discuss the role of the overlap
matrix in breaking the symmetry. It is known that the mag-
netic field splits the degenerate bands. But if the overlap is
ignored, the so-called �-�* symmetry is still valid and there-
fore the eigenvalues Ev

�B� and Ec
�B� lie symmetrically below

and above the on-site energy �2p. By including the overlap
matrix, we remove the symmetry between valence and con-
duction bands leading to the compression of the valence
bands and the expansion of the conduction bands. In Sec. III,
the crucial role of the overlap in obtaining nonzero off-
diagonal elements of the susceptibility and, thereby, nonzero
Faraday rotation will be demonstrated. Previously, it has

been shown that orbital overlap is essential for a correct
description of off-diagonal magneto-optical effects in
graphite.26

III. MAGNETO-OPTICAL PROPERTIES

If the constant magnetic field points along the z direction
�the direction of the nanotube axis� the general form of the
susceptibility tensor is given by18


�H� = � 
xx 
xy 0

− 
xy 
xx 0

0 0 
zz
� , �7�

where, using the defined parameter q rather than wave vector
k, the susceptibility elements are defined by24


ij��� =
	3

��0Aa
�
c,v
�

−�/3

�/3 � dcv
i �q�dvc

j �q�
Ecv�q� + ��

+
dcv

j �q�dvc
i �q�

Ecv�q� − ��
�dq .

�8�

Here, the cross sectional area A=�R2, �0 is the vacuum per-
mittivity, dcv

i �q� are dipole moment elements for a transition
between valence band v and conduction band c at wave vec-
tor k, the excitation energy is defined by Ecv�q�=Ec�q�
−Ev�q�, and the complex frequency �=�+ i� contains the
photon frequency � and the broadening parameter �. To ob-
tain the susceptibility tensor, we first calculate the dipole
moment elements. The z component of the dipole matrix
element is readily given by24

dclvl

z �q� =
− 2ea
0

2

	3Ell
2�q�

�cos
2�̃�

n
� − �− 1�l cos
 �̃�

n
�cos
3q

2
�� ,

�9�

where Ell�q�=Ecl
�q�−Evl

�q�. It can be shown that dclvl�

z =0 for

l� l� and moreover, the dipole moment vanishes for transi-
tions between bands with different �. Figure 1 shows the z
component of the momentum �Pz� matrix element for a �6, 0�
CN, where Pz= �me /�e�Elldclvl

z and the magnetic field B
=1000 T. Taking B=0 and ignoring the overlap, the plot in
Fig. 1 should be identical to that of Fig. 2 in I. The difference
in the magnitude is because of a mistake made in I, where a
factor of 1.602 �elementary charge in units of 10−19 C� is
incorrectly missing. This error is not present in the suscepti-
bility spectra of I, which are all correct. Using the above
dipole moment element, the zz component of the susceptibil-
ity affected by the magnetic field is given by Eq. �16� in I by
replacing � with �̃.
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To find the off-diagonal elements of the susceptibility ten-
sor, the x and y components of the dipole moment elements
are required. We have found the elements of a reduced dipole
matrix in the absence of magnetic field in I. In a perfectly
analogous manner, a reduced dipole matrix in the presence of
magnetic field will be constructed. For a right-handed rota-
tion �=x+ iy, it is found that only �̃v= �̃c−1 leads to non-
zero elements given by

d14 = R
0eiq/2e−i��ei�/n − 1��1 − ei�/ne−i2��̃c/n���̃v,�̃c−1,

d23 = d14�q → − q�, d32 = d41�q → − q�, d41 = ei�/nd14
* .

�10�

In the same manner for a left-handed rotation �̃=x− iy, a
nonzero matrix is obtained only for �̃v= �̃c+1 that leads to

d14 = R
0eiq/2e−i��e−i�/n − 1��1 − e−i�/ne−i2��̃c/n���̃v,�̃c+1,

d23 = d14�q → − q�, d32 = d41�q → − q�, d41 = e−i�/nd14
* .

�11�

We utilize Eq. �19� in I for the right-handed rotation and the
similar equation for the left-handed rotation to find the dipole
matrix element. Using eigenvectors c�1 and v�1 corresponding
to the eigenvalues Ec1

�q� and Ev1
�q�, respectively, as well as

exploiting Eqs. �10� and �11� the absolute value of the dipole
matrix element for the left- and right-handed operators are
given by

�dc1v1

��� � =
2e
0R

E11�q�
��cos
 �̃c�

n
�

− cos
 �̃v�

n
��sin
�c1

+ �v1
− q

2
����̃v,�̃c�1,

�12�

and a similar equation is obtained for eigenvectors c�2 and v�2.
Here, the relative arguments �c,v are given by24

�cl,vl
= arctan� 2 cos
 �̃c,v�

n
�sin
q

2
� − �− 1�l sin�q�

2 cos
 �̃c,v�

n
�cos
q

2
� + �− 1�l cos�q�� .

�13�

Using Eq. �12�, the x and y components of the dipole matrix
element and the xx component of the susceptibility tensor are
given by Eqs. �27� and �29� in I, respectively, by replacing �
with �̃. By even taking a very large magnetic field, it is
found that the diagonal susceptibility is quite insensitive to
the magnetic perturbation. Because 
xx is nonzero even if
B=0, the magnetic field leads to a very small relative change
in the response. In contrast, the off-diagonal susceptibility

xy vanishes in the absence of a magnetic field. In the Fara-
day geometry, the off-diagonal response produces a rotation
of the polarization vector. By measuring this rotation experi-
mentally, magnetic perturbations can be detected even if the
diagonal response is practically unchanged. Below we dem-
onstrate that the Faraday rotation is indeed detectable under
realistic conditions using low magnetic fields.

To clarify the role of the overlap matrix, we use the de-
fined right- and left-handed operators and express Eq. �8� in
the form


xy��� =
	3��

�i�0Aa
�
c,v
�

0

�/3 � �dcv��v = �c − 1��2

Ecv
2 ��v = �c − 1� − �2�2

−
�dcv��v = �c + 1��2

Ecv
2 ��v = �c + 1� − �2�2�dq . �14�

Although the overlap matrix removes the �→�* symmetry
between v and c bands, the dipole matrix elements for the
left- and right-handed operators are equal and, moreover, in
the case B=0 the allowed transition energies for the two
cases are the same. Therefore, Eq. �14� is identically zero for
B=0. The degeneracy between the transition energies is re-
moved by the magnetic field because of the removal of sym-
metry by including the overlap, and then a nonzero off-
diagonal susceptibility is obtained. Considering only the
transition v1→c1, Eq. �14� yields


xy
�����,B� =

4i	3e2��
0
2

�2�0a

	 �
�v,�c

n−1

��̃v,�̃c�1�cos
 �̃c�

n
� − cos
 �̃v�

n
��2

	�
0

�/3

sin
�c1
+ �v1

− q

2
�2

	
dq

E11
2 �q��E11

2 �q� − �2�2�
. �15�

A similar equation is obtained for the transition v2→c2. Af-
ter adding the expression related to the v2→c2 transitions to
Eq. �15�, the total off-diagonal element of the susceptibility
tensor is given by 
xy�� ,B�=
xy

�+��� ,B�−
xy
�−��� ,B�.

FIG. 1. k dependence of the long-axis momentum matrix ele-
ments Pz for a �6, 0� CN. All allowed interband transitions are
included. The plot is for B=1000 T.
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IV. LINEAR ORDER OF MAGNETIC FIELD

When the external magnetic field B is weak and when the
solid is not optically active, we can treat the Faraday effect
as a first-order effect in B. We shall therefore restrict our
calculations to weak magnetic fields. We ignore the relatively
weak field dependence of the term �cos��̃c� /n�
−cos��̃v� /n��2sin��c+�v−q /2�2, and then expand the de-
nominator of Eq. �15� to first order in B and express the
susceptibility as 
xy�� ,B�= ���+����−��−�����	B. More-
over, it can be shown that ��+����=−��−����, and therefore
one can write 
xy�� ,B�=2��+����	B. After some simplifi-
cations the field independent coefficient ��+���� is given by

��+���� = C� �
�v,�c

n−1

��v,�c+1�cos
�c�

n
� − cos
�v�

n
��2

	�
l=1

2 �
0

�/3

sin
�cl
+ �vl

− q

2
�2

	
�2Ell

2�q� − �2�2��F��cl
� − F��vl

��

Ell
3�q��Ell

2�q� − �2�2�2 dq , �16�

where the constant C=−2i	3e3n
0
4a�1+s0�2p /
0� /�3�0, ar-

guments �cl,vl
are defined by Eq. �13� with B=0, and func-

tions F are defined by

F��cl,vl
� =

sin�2�c,v�/n� + �− 1�l sin��c,v�/n�cos�3q/2�
Ecl,vl

�0� �1 − s0Ecl,vl

�0� /
0�2 .

�17�

Here, Ec,v
�0� indicates eigenvalues Eq. �4� with B=0. Due to

the complicated q dependence of the trigonometric terms as
well as the transition energies, no analytic solution has been
found for the above integral. In the form given, however, the
integral is easily computed for all zigzag CNs numerically.
Real �
xy� � and imaginary �
xy� � parts of the off-diagonal ele-
ments of the susceptibility tensor for �10, 0� and �20, 0� CNs
are shown in Fig. 2�a� and for �11, 0� and �19, 0� CNs in Fig.
2�b�. A very prominent resonance peak is observed for semi-
conductor zigzag CNs with odd n. Note that all results are
obtained using a rather large broadening of ��=0.15 eV.24

Experimentally, the value of the broadening is highly depen-
dent on sample quality, reflecting the degree of bundling
among the nanotubes. The large value chosen here corre-
sponds to relatively disordered �bundled� samples. However,
even in this case, the magnetic features are predicted to be
clearly detectable and using higher quality samples will only
increase visibility.

Now we use the off-diagonal susceptibility to find the
Faraday rotation and the Verdet constant. We first consider
aligned zigzag CNs suspended in water. For photon energies
near the fundamental resonance peak of different zigzag
CNs,30 the refractive index of water n� is almost four orders
of magnitude larger than the absorption coefficient n� and
this ratio is further increased for energies in the visible and
near-UV range.31 On the whole, we take n��1.3 for the
suspension and ignore the absorption coefficient and so the
Faraday rotation � at low magnetic fields is given by26

� =
�d

�


xy�

n�
, �18�

where � is the wavelength and d is the path length. We
subsequently calculate the Verdet constant V via the relation
�=VBd. The energy dispersion of the Verdet constant for
two groups of semiconductor CNs with even and odd n
threaded by a parallel magnetic field is plotted in Figs. 3�a�
and 3�b�, respectively. The Verdet constant for semiconduc-
tor zigzag CNs with odd n exhibits a very prominent reso-
nance at ���5 eV and for CNs with even n two pro-
nounced resonances around ���4.5 and 5.7 eV are found.
Since averaging over an ensemble of CNs would normally
tend to blur individual resonances, these prominent struc-
tures are expected to prevail for ensembles containing many
different semiconducting zigzag CNs.

We now address the possible experimental determination
of the Verdet constant for zigzag CNs. To this end, randomly
oriented CNs dispersed in water with a relative concentration
of nc is considered in order to find an averaged value of the
Verdet constant. In that case, two respective rotations first
about the x axis through an angle � and secondly about the z
axis through an angle � will place a nanotube in a direction
such that its axis makes an angle � with the z axis. Therefore,
the effective axial component of the magnetic field and that

FIG. 2. Real �
xy� � and imaginary �
xy� � parts of the off-diagonal
susceptibility for a magnetic field B=1 T. Panel �a� shows �10, 0�
and �20, 0� CNs and panel �b� shows �11, 0� and �19, 0� CNs.
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of the off-diagonal element of the susceptibility tensor are
given by B cos��� and 
xy cos���2 cos���, respectively. Then,
by averaging, the value of the effective off-diagonal suscep-
tibility element is equal to 1 /6 of the value based on Eq.
�16�. Hence, including the relative concentration of CNs in
the solution, the Verdet constant is given by ncV /6, where V
is the obtained value based on Eq. �18� for a CN threaded by
a parallel magnetic field. We would like to estimate the path
length for a 1° rotation of the plane of polarization of an
input optical beam. For a relative concentration of nc=1%
and using the approximate value 40 rad / �mmT� for the Ver-
det constant of zigzag CNs with odd n and a magnetic field
of 1 T, the path length obtained is as low as 0.26 mm. The
Faraday rotation due to the CNs will be superimposed on a
contribution from water in the suspension. However, below
the optical gap of H2O or D2O �8.2 eV32,33� very little dis-
persion is expected for this contribution. This is confirmed in
experimental data for water in the range 1.8 to the 3.6 eV34

that shows a monotonically decreasing Verdet constant with
wavelength. Thus, the sharp resonances due to CNs are ex-
pected to be clearly detectable.

V. SUMMARY

A theoretical investigation based on a nonorthogonal
tight-binding description has been made to study the Faraday
effect in zigzag CNs. The off-diagonal elements of the sus-
ceptibility tensor under the influence of an axial external
magnetic field have been calculated semianalytically and ex-
panded to first order in the magnetic field. We have applied
the obtained expressions to find the Faraday rotation and the
Verdet constant of zigzag CNs. A very prominent resonance
of the Verdet constant for semiconductor zigzag CNs with
odd n has been demonstrated at ���5 eV, which is ex-
pected to prevail for ensembles containing many different
zigzag CNs. To address possible experimental verification,
randomly oriented CNs suspended in water have been inves-
tigated.
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